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ON THE STABILITY OF THE MOTION OF A VISCOELASTIC RING
IN A GRAVITATIONAL FIELD*

D.M. KLIMOV, A.P. MARKEYEV and 0.V. KHOLOSTOVA

The motion in a circular orbit of a thin, homogeneous, unstretched
viscoelastic ring in a central Newtonian gravitational field is
investigated. An approximate non-linear system of differential
equations is written out which describe the quasistatic state of motion
of the ring relative to the centre of mass. A stability condition for
the rotation of the ring in the plane of the orbit at an angular
velocity which decays 1 magnitude 1is obtained in the first
approximation. The asymptotic stability of the relative equilibrium of
the ring in the orbital cogrdinate system when the ring lies in the
plane of the orbit is proved, together with the instability of this
equilibrium when the plane of the ring is perpendicular to the velocity
vector of the centre of mass.

1. Let us consider the motion in a circular orbit of a homogeneous unstretched circular
ring of constant cross-section in a central Newtonian gravitational field. The linear dimen-
sions of the transverse cross-section of the ring will be assumed to be small compared with
the radius r of its central line. We will denote the density of the ring by ¢, F is the
area of the transverse cross-section, EI is the flexural rigidity and m = 2nrFo is the mass
of the ring.

Let Ozz,2; be the coordinate system formed by the principal central axes of inertia
of the undeformed ring with the z; axis perpendicular to the plane of the ring. The position
of an element dm of the undeformed ring is specified py the angle o measured from the z; axis.

We shall consider those motions of the ring relative to the centre of mass when its
elastic vibrations are flexural vibrations in the plane of the ring /1/. We will specify the
position of an element dm of the undeformed ring by a radius vector ¢ relative to the point
0, where p =% + u, where § = (2,2, Z3), 2y =rcosa, s, =rsina, = 0 and u is the elastic
displacement. We shall represent the vector-function wu (§,{) in the form of a series in the
orthonormalized characeristic modes of the free elastic vibrations of the ring. In the case
of planar flexural vibrations, this series has the formi¥
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in the case of free vibrations, the quantities ¢, and ¢,” satisfy the equations for
harmonic vibrations with frequencies Q, which are given by the equalities

EI (n* — 1) n?

Qy = oFri(n®+ 1)

(n=2,3,..) (1.3)

The internal frictional forces which arise for arbitrary displacements of the elements
of the ring will be simulated using a Rayleigh dissipative function of the type
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R=1xp 2\ (g' +gn’), B=const>0 (1.4)

where % is a dimensionless parameter and differentiation with respect to time is indicated
by a dot.

We shall specify the position of the ring in absolute space using the orbital coordinate
system OX,X,X,, the X,, X, and X; axes of which are, respectively, directed along the
transversal to the orbit, along the binormal and along the radius-vector of the centre of mass
O with respect to the centre of attraction. We will specify the orientation of the coupled

coordinate system Oz,z,z, relative to O0X,X,X; using the Eulerian angles 1, 6 and g¢.
A system of equations for the motion of a ring relative to the centre of mass has pre-
viously* been obtained which includes the equations of motion of the ring as a whole (the

motion of the coordinate system Oz,z,z; relative to the orbital coordinate system) and the
equations of the elastic vibrations of the body in the Ozz,x3 coordinate system.

Let us assume that the ring possesses a high rigidity and the decay of its free elastic
vibrations occurs during a time which is much less than the period of rotation of the centre
of mass along the orbit. Assuming that the latter quantity is of the order of unity, we
introduce a small parameter ¢ by putting that the quantity ©¢/Q, is of the order of & ({w,
is the average motion of the centre of mass). The above-mentioned assumption means that the
inequality 0 < y<<€e<€1 1is satisfied which enables one just to consider the gquasistatic
state of the motion of the ring /2/ over time intervals of the order of unity and greater.
This quasistatic state corresponds to its forced elastic vibrations under the action of gravi-
tational forces and inertial forces.

Under the assumption that y~e (1< 8«2, it is possible to obtain (see the second
footnote) the following system of differential equations which describes the motion of the
ring as a whole relative to the centre of mass in the quasistatic state of its elastic vi-
brations:

Y sin O + '8 cos B — P sinPpcos® — 6 cospsin® — (b4 ¢')e = (1.5)
(ndy + Ygud,) sin 26 + Y, [(3uB, — 2xB,} a — 3uBy’ + 2xB,']
" 4’ cosp — 3sinBcos 6 -+ (b + ¢')d =sinBcos O (ndy + ¥g%di) + (1.6)
Y l(3uB3 — 2xB,) a 4 3uB,’ — 2xB,’]
¢ = —a’ — Yy %[99’ sin* @ — 9sin® O cos 6 d — 3 sin? Oa (c* — d?) + (1.7

6ed sin @ cos @ 0’ 4 3sin 6 cos0 d (c* + d%) — b (c® -+ d*)?
(u = 2720 / (104,%), % = 81xe’Ba,®/ (54,%)

Quantities of the order of &' and higher have been discarded in Egs.({(1.5)-(1.7), dif-
ferentiation with respect to the variable 7 = @,¢ 1is denoted by a prime and the following
notation is adopted:

a=10" cos®-—cosPsinh, b=¢ +a (1.8
¢c=0"+siny, d=1"sin0 + cosPcos O
Ay =cd, A, = 3sin?0¢" — b (¢ — d?) — 3 sin 0 cos 04 (1.9)

Ay = 3sin? 0 + (c* — d?), A, = 2bed — 3sin 0 cos 0 (6" + ¢)
B, = —c(3sin?0 + ¢+ 4%, B, = A, d+ A (1.10)
By =4d(c* +d® —3sin?0), B, = —A,c + A, d
In (1.5)-(1.7) and subsequently, the notation €, = g\, is introduced for the lowest
frequency of the planar free flexural vibrations of the ring. We note that, in quasistatic

states, its planar flexural vibrations corresponding to the lowest frequency €, are the only
substantial motions of the ring.

2. The system of Egs.(1.5)-(1.7) has the following particular solutions:

Y==mn 0=n/2, ¢ = qe*r 2.1)
Y==n 06=mn/2 ¢ =0 (2.2)
Y =m/2, B==m/2, ¢ =0 (2.3)

*Klimov D.M., Markeyev A.P. and Kholostova 0.V., On the dynamics of a visco-elastic ring in a
gravitational field, Preprint 406, Inst. Problem Mekhaniki Akad. Nauk SSSR, 1989.
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In the case of (2.1), the ring is located in the plane of the orbit and rotates around
the normal to the plane of the orbit at an angular velocity which decreases in magnitude.

The relative equilibrium of the ring in the orbital system of coordinates, when its plane
lies in the plane of the orbit corresponds to solution {2.2).

In the case of {2.3), the ring is also located in an equilibrium position in the orbital
coordinate system and the plane of the ring is perpendicular to the velocity vector of the
centre of mass (the ring is arranged in a plane passing through the normal to the plane of
the orbit and the radius-vector of the centre of mass of the ring relative to the centre of
attraction).

The stability of the motions of the ring corresponding to solutions (2.1)-{2.3) is  in-
vestigated below.

2.1. 1In the case of an absolutely solid ring (e =10} the motion {2.1) is stable when
¢’ << —2 or ¢ > —Y, and unstable when —2 <@, << —Y5 /3, 4/. 1In the case of a
visco-elastic ring (€5~ 0, y 5= 0), we shall confine ourselves to an investigation in the
first approximation. Let us put 8 =n/2 4,9 =% -+ §, ¢’ = @,/¢** - z. The linearized system
of equations describing the perturbed motion will be

2 4 hr + 2g0'e (1 — p) (¢ + 2) — Yonpe'e™ (hoy'e 1) (¥ — (2.4)
')y =10
¥ 4y + 20 e (1 + p) {y — 2') — Yy ugp e (hgy'e 4+ 1) (z +
yy=20 z' = —uz

We will now make use of the Lyapunov theorem on the stability of motion /5/ and select
the Lyapunov function V in the following form (see the reference in the second footnote):

V =Y, (g2® + app* + ag2’® + auy’? + 2a2’y + 2452y + 29 {2.5)
oy = 29 e + 4 — 2u {ge™ -+ 4] a, @, = 2oy'e™ +1 —
Tugy’e™) a4

ag = (1 -+ 2u) a,, a5 = ag =y % (hg,’e™* + 1) g,

By virtue of the equations for the pertubed motion (2.4}, its derivative V' has the form

V=1 a2 + &'y + bz’ + by'?) — ws? 2.6)
=0+ b=a

The function a; (t) can be taken as being arbitrary but such that the conditions a, >
1 >0, a’ <0 (n==const) are satisfied. If, in addition to that, constraints which are
specified by the inequalities a, >0, a, >0, a/ << 0, a,’ <<0 are imposed on the quantity ¢,
the function V will be positive definite and its derivative V' will also satisfy the require~
ments of the Lyapunov stability theorem by virtue of the constancy of its sign, which is
opposite to the sign of V.

For example, let us put @, =% — ¢*. Then, an analysis of the above-mentioned inequalities
leads to the following sufficient condition for the stability of the motion (2.1) for
small values of the parameters & and

o' > —y - Yy (b 2.7y

2.2. To investigate the stability of the motion (2.2), we put 8= #2 -+, ¢ =n -y, ¢ =
z . The equations for the perturbed motion can then be represented in the following form:

2 = —hr + zyt - 2% - oay'? Vet — 2z (x by — Myt — Ve — (2.8)
Yor?y') < My (Bufy + 2ugy) + Oy
Vo= =y Yoyt b 2eyy 22—y bl My = Yoty + Ve (2.9)
o (3uf, + 2mge) + O
2 = —xy +yy b ax’ Y — 2 {ay — x2’) — 2pz {2y — 22") — {2.10)

Yo ldz (1 — 22% + 42 — y* + 22"y + Say’ — 2 4 O,

Here, O, 1is the set of terms of not less than the fourth power with respect to x, y, z',
y', 2 and, we denote by f;, g (i =1, 2) the following third-degree polynomials:
fi =6z (z + y') + Say® + 2% — 22zxyx’ — 4x'yy’ + 8a® -+ 182%" +
122y + tdzz'? + 2y'% 4 22"
g, = 622 {y — ') + 24° — 9%’ — 192% + 2py® + dayy’ -+ 152"% +
282" — 10zz'y’ — BSa'y’* — Bx"®
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fo = 62 (@' — y) + 2y* — 6z'y? + 2a%y + bxyy’ + 2yy’* -+ 62" —
8z2z' — 10zz'y’ — 22'y’% — 22'%
g, = 622 (x + y') — Nay® — 2% + 22xyz’ + 4a'yy’ — 282® — 4Sa%y’ —
15zy’® — 8zz'? 4- 2'%y’ — 2y'%

The problem of the stability of system (2.8)-(2.10) belongs to the critical case of one
negative and two pairs of purely imaginary roots. 1In order to solve this problem we shall
make use of the "information principle" in the theory of stability /5/.

Let us make the change of variables z—> £ in system (2.8)-(2.10) which anihilates
terms of the second degree on the right-hand side of Eq.(2.10) which only contain the critical
variables &, ¥, &' and y'. We will seek a change of variables in the form

2 = § 4 uy2? + 2upzy 4 20522 + 2upxy’ o usy® + 2uygys’ + (2.11)
2unyy’ + ugar'? + 2u5 2"y ugy’®

After the change of variables (2.11), Eq.(2.10) must take the form

§ = —2F (ay — 22’) — 2pE (2y — x2’) —xE (1 — 22%) + O, (2.12)
It can be verified that the quantities u;; satisfy a certain system of linear equations.
The solution of this system, with an error of the order of (xe*)?, has the form (see the
reference in the second footnote)
1 19 1 5
Uiy = 7> U, =0, Uy = g5 % Uy =5, Uy =1 (2.13)
1 1 1 1
Uys =0, Upg =57 % Up=—7qgr Una=7% U= —75

After the change of variables (2.11), Egs.(2.8) and (2.9) become:

2’ = bz — 28 (x + y) -+ hy + VpFy + Y Gy + O, (2.14)
V' = —y + 28 (—y + z') + by + YuFy, 4 216G, + O,

where
1 5 , 1 # ,
hy = Txyz——b.—yzy +T3x3—%z2y’——é—zyz+%xz’+ (2.15)
1, 1 2,
—G-ya-k—zﬂy
1 5]
by = — 5 y* + 5 yx’ ———1'2!/'*‘ w4+ 8 ya’* +
1
—2-x21’+2xx'y'—%zy —%1’3
Fi=68@+y)+F* G =068F—2)+G* (2.16)
Fy= —6E(y —2') + Fo*, G, =68 (z + y') + G*
21
Fi'= oy +—y y — 22zyz’ —4yx’y'+—z3 + 57112y’+
35 109

sz'a—f———zx + - 2 y' -|- z? Y

Gl =245 — 9y’ + - 4 vy - ——xyy +15y2" —{-—x’ f—

313 =2y — zy” — 8
* 1 7 ' , 5 ,
F2=_Tya_'2_y2x +Tz2y—2zyy +Tyy’+%yz”_
13 , , 5 . ,
Tzzx —4za'y ———zy’—}gg_za
Gg—~——11zy ——y? ’—{—szx ——yzy " — 2813 — 4522y’

151y’n-——%1x — 2y + T2y

The "contracted" system, which is obtained from Eqs.(2.14), if one puts E =0 in these,
has the form

T=—dz+ o +0, ¥Y=—y+to+0, (2.47)
@; = hi + YuF* + ¥xG* (i =1,2)
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The problem of the stability of the "contracted" system (2.17) belongs to the critical
case of two pairs of purely imaginary roots. In order to solve it we shall use Kamenkov's
algorithm /6/. First, it is necessary to obtain the normal form /7/ of the system (2.17) up
to terms of the third power inclusive and than to transform to the polar coordinates p;, 6-@ =
1, 2). When there are no 1:2 and 1:3 resonances, the stability conditions are expressed in
terms of the coefficients of the right-hand sides of the equations for p; and p;.

Since there are no second-order terms in (2.17), the 1:2 resonance which is present in
the problem being considered does not affect the structure of the normal form and the equations
for p, and p, can be obtained in the following manner. Let us make the change of variables
z, 9, %, Y =Py, P 8, 0, according to the formulae y = p,cos By, ¥y = —p;sin 6;, z = p, cos B, 2’ =
—2p, sin 0,.

If the terms in O, are dropped from system (2.17), then, in the new variables, it can
be written in the form

P’ = —@y8in8;, p,’ = —Y,p,s5in6, 06 =1—pp,cos6, 6 = (2.18)
2 —yp, 7', cos 8,

By averaging the right-hand sides of the first two equations of (2.18) with respect to
6, and 6,, we obtain the required equations for p; and p,:

§' = Gileals T euly) (=12 (2.19)
(G = p2 ey = —35%/72, ¢, = —ATH/9, ¢ = —200/9
try = —1145%/288)

According to the Kamenkov criterion, the "contracted" system (2.17) is asymptotically
stable and this conclusion is independent of terms higher than the third order on its right-
hand sides. Also, since the series expansion of the right-hand side of Eq.(2.12), calculated
when Et =0, commences with terms of not less than the fourth order, it may be concluded on
the basis of the "information principle" that the full system (2.8)-(2.10) and the motion
(2.2) which is being considered are asymptotically stable.

We note that, in the case of an absolutely rigid ring, the motion (2.2) is simply
Lyapunov stable /3, 8/.

2.3. In order to investigate the stability of the motion, which corresponds to the sol-

ution of (2.3), we put 8 = %;-+—z,¢ ==%; 4+ Y ¢ = 2. The linearized system of equations of
the perturbed motion will be
30— Yz Y =0 (2.20)

vV~ —=Ymy =Yy — 2+ Yx)z=0
2y (22— y) =0

The characteristic equation of system (2.20) has two pairs of complex conjugate roots

Moo= —YnHiVIA =Y +0(EY, Age=—x+i(l+p +
O (g%

and a single real positive root
= 16/9% + O (&)

The relative equilibrium of the ring being considered is therefore unstable.

We note that, in the case of an absolutely rigid ring (e = 0), the solution of (2.3)
corresponds to the special case to a hyperboloidal precession which is Lyapunov stable /8/ and
this follows from the fixed-sign property of the energy integral in the neighbourhood of the
solution of (2.3). The presence of internal viscosity (¥ 0) in the material of an elastic
ring (¢ = 0) destroys this stability and the motion becomes unstable.
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SLIPPING REGIMES IN MECHANICAL SYSTEMS*

S.V. ZUBAREV

Mechanical systems with non-bilateral kinematic constraints are
considered. For such systems conditions are obtained for which their
equations of motion, determined by methods from classical mechanics,
convex underdetermination and equivalent control, are identical.

Problems associated with methods of obtaining the equations of motion in slipping regimes,
appearing in systems of differential equations with discontinuous right-hand sides, have been
most thoroughly discussed in /1, 2/. From the point of view of classical mechanics, the

appearance of such regimes amounts to imposing on a system of material points P,.(i=1,2,..., N)
some non-bilateral relations SgB=1,2,...,m)
S[a = 9 Ery ), r=1{(r,...,ry), r=1(r,... ™) 0.1)

where r, and r, are respectively the position vectors and velocities of the points p,.

In this context slipping motion corresponds to motion in which the constraints Sg become
bilateral during certain modes of behaviour, i.e. S3= 0. Then the right-hand sides of the
dynamical equations for the points P, undergo discontinuities on the hypersurfaces Sg=10

Below we shall assume that when the links are bilateral (embedding), they are ideal.
This assumption is natural for a wide class of mechanical systems.

For example, such a situation occurs when Sg is a non-bilateral frictional constraint
/3/. 1If the constraint (0.1) is ideal (in the above sense) and linear in the velocities, then
to derive the equations of motion for the points P, of a constrained system one can apply
Lagrange's method of undetermined multipliers {alternatively, the method of convex under-
determination and equivalent control /1, 2/). However, any one of these approaches in  iso-
lation may not give sufficient information for investigating the behaviour of such systenms
with variable structure. In particular, the Lagrange method, uniquely defining the slipping
equations, does not, in general, establish their switching conditions, whereas the methods in
/1, 2/, in principle giving conditions for the existence of singular regimes, in a range of
cases do not guarantee the correctness of the derivation of the equations of motion when the
constraints S, are bilateral.

In connection with these and other problems there is the interesting problem of the con-
sistency of the various methods of deriving equations of motions for slipping regimes for
mechanical systems of variable structure within the framework of Newtonian mechanics.

1. We will first consider a dynamical system of the form

m
mz;; = Fyy(t, 2, 2) + 62'1 bl (t, x, 2') ug (z, x) (1.1}
ug* Sp> 0, N o
ug = up, Sp < 0, Sg = i12=1 gty + Wy (1.2)
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